
Topic 8-

Linear Transformations[and Eigenvalues



&

Lef : Given two sets A and B

a function f from A to B

-

is a rule that assigns
to each x

in

A a unique
element f(x)

in B.

We write
f : A -> B.

X
Y +

othut
o

iesname input
of to in

function function

:Consider T : /- I given

-

by T()
= (3)

Some calculations
using
T are

T (i) = (0=i)
= (i)

T() = (2= )
= (i)



Here is a picture of T i
IR3

(i)(i)
-(i)O

T

j((z
Note that

T() = (2) = (:
i)

So another
formula for

T is

T() = Au

where A = (ii) and
= ()



&

Lef : A linear transformation
-functionof the

T : R -> R" is

form TCE)
= At where A is an men

~

& matrix multiplicationmatrix. think ofTunnelmatrixwhere you

-

Ex: Our first
example above

T : R = 1 given by
T() = (*)

is a linear
transformation

since

T() = (vii)()
as we

derived above.

Note: When we
defined T

= At we

mean t is in standard
coordinates. Later

We will talk
about how to change

A to

other coordinate systems .



EEx: Let T
: R-R" be given by

T() = (i)(Y) .

Then by def ,
T is a linear

transformation.

Some example
calculations

are :

↑ (i) = (2)(i) =(
+ (i) = (i)

=( =(

Note that
in general

&
T (5) = (i)()=3

= (2)
RY

·



rem: Let T : R"-> R
*
be a linear

transformation. Then

①T(+ ) = T(i) +
T(w)

and T(al
= a T()

for every
scalar a

and rectors
I, in in R

conversely , a function
T : R-IR that

satisfies O
and ② is a linear

transformation ,

-Mwhere T(l
= Al

Xerof: Suppose
If [, +

IRY and de
R ,
then

① T +E) = A( +
=) = A + Aw = T() +T(i)

②+(av)
= A(a) = (A)

= CT()

Conversely suppose
T satisfies D & &.

Let iFt be the
standard bases for I & I

-

Suppose Tj = a , Fi+En
+ - -+ Amifs:

Then,

=



# Suppose T : /R-IR" is

a linear transformation
and you

know that TCol = (3) and +(i) = (2)

Find A where TCE) = A*

Note that

T(j) = +(( % )
+ (3))

= T() + T(y)
so

D = + (x(b)) + + (u(i)
above

= xT(b) + 3T(i)
So

property= = x( ? ) + y(j)
② above

= (33) = (4j)(Y)
So
,
TI * = A where A = (ii)



-

Sometimes we want to find a basis

that simplifies a linear transformation
.

One way to do
this is to try to

find

the "eigenvalves" and "eigenvectors"

of a linear
transformation.

These are when T()
= X*

Where X is a number.

Here we
will only

look at

T(V) = At where
A is

a square

nxn
matrix.



Def : Let T : R"-> R
"

be a linear
-

transformation be defined by T(V) = Au

Where A is an uxn matrix.

Suppose thatis a rector in
R with

①+
and ②T(v) =Xi

for some scalar
x in R.

Then , X is called an exenvalve of

T and I is called an egenvector

of T corresponding
to X.

Given an eigenvalue
X of T ,

the

eenspace of
T corresponding to X

is

Ex(T) = Ev)T(z)
=x)

=(t)A =x]

ot: Ex(T) consists of
all eigenvectors corresponding

-

to X and
also includesto make it a subspace .

ot: If A =X where* we also call

-

X an eigenvalue of
A and t an eigenvector of A

and write Ex(A) = 3) A = XE3



E: Let A = ( =2) · Let T : RIR2

be defined by

T(Y) = A(y) = (i =2)(y)
= ((ix = 23)

Note that

T(2) = (i=

= (2)
= (')
= 4 . (3)

Thus,

T (2) = 4 . (2)- T() =X[Au = xi
So, = (2) is an

eigenvector of T with

eigenvalue x =
4.



MHow do we find the eigenvalves
of a linear transformation

T ?

A ?↳main
Suppose X

is an eigenvalve of A

and ** is an eigenvector

associated with
X

.

Then
,

A= X*.

So
,
A-X*=.Ex

->

Then
,
(A-XIn) * = 0 where

In is the nxn identify matrix.



So
, (A-XIn) * = G where*

The only way this can happen J
is if A-XIn has no inverse. ↑
e+ B = A - xIn -?

F 7If B
" existed then since

-

BE = - you
would get BB* =

B %

which world give = 0.

.So , B doesnot

Thus
,
det (A-XIn) = 0

Since (A-XIn)" does not
exist.



Smmary: The eigenvalues of

* satisfy the equation

det (A-XIn) = 0 .
-

calledthe characteristianSum-
-
-
-

Note: Henceforth
we will just

of A
say eigenvalues/eigen

ractors

instead of T since its the

same .



: (HW problem (

Let A = (i = 2)
Let's find the eigenvalues of A

Eigenvalvetimetisti
det (A-x[z) =

= det ((i =2) - x(bil)
= det )(i =2) + (3))



= det( =x)
= (10 - x)(-2 -x)

- ( -9)(4)

=

- 20 - 10x + 2x + x2 + 36

= X2- 8x + 16

= (x - 4)(x -4)

= (x - 4)2

The eigenvalves of A
are

when (x-y)= 0.

Thus , the only eigenvalve of A is x
=
4.



Facts/Defs
Let A be an nxn

matrix .

Let X be eigenvalue of A.

① The eigenspace Ex(A)
is a

subspace of M

② The dimension of Ex(A)
is

called theeometricmultiplicity

#X

③ The a gebraicmultiplicits of
A

is the multiplicity
of ↓ as

a root of the
characteristic

polynomial of A.

① (geometricmultiplicity) (b)



Ex: Let

A = (i = 2)
be as in the previous

example .

We had
that the

characteristic

poly of A was

det (A- x1)
= (x - 4)

thus , X = 4 is an eigenvalve
with

algebraic
multiplicity of

2.

Let's now
find the eigenvectors

corresponding to x
= 4

.



Let's get a basis for

Ey(A) = E * /A* = 4 * ]

Need to solve A = 4 *

Let's solve !

(i =2)(i) =4(5)

(1) = (ii)
(= ) = (i)

This gives : Ga - 9b = 0Et= 0



Solving :

(i =3)) ( :(8)
Retic()

-

310)
So we get :

= leadingthe
Solutions :

b = tbt
This if * solves A = 4 *

then = = (b) = (-t ) = +(ii)



Thus
,
a basis for Ep(A)

is (2) .

Thos , X
= 4 has

geometric multiplicity

dim(Ey(A)) = 1
.

mmmary
table for A

=



What does it mean that (3) is a

basis for the eigenspace for x
= 4 ?

It means you can get all the eigenvectors

for x = 4 by scaling (31) by a

non-zero number .

(32)
-

-

=>
You can calculate

t = 0 which gives

0 . (3) = (8) which
is in Ep(A)

but it isn't an eigenvector



Ex: Let A = (ii)

Find the eigenvalues, bases for

the eiyenspaces , and algebraic/geometric

multiplicities of the eigenvalves.

-

Eigenvalvetime !

det (A- x[n) = det (( -) -x(bi)
= det ((8 -) +( -x)
= det (3j - i-x)



= (3 -x)( 1 -x) - (0)(8)
= (3 - x)( - 1 -x)

= [-(x-3)][- (x+1)
I

=

-1And (x-3)(x + 1) = 0

When X= 3 ,
-1 .

So the eigenvalves are x
= 3
,
-1 .

The algebraic multiplicity

of both eigenvalves is

Let'sfind a basis for the



eiyenspace Eg(A) for X= 3.

Need to solve A = 3 *.

Need to solve

(f)(5) =3(5)
( - b) = (3)
(sn4b) = (8)

Need to solve

8a - 4b = OWe0 = 0

Seading,,



Solution :

=It
So
,
ifsolves A

=3 then

= = (b) = (*7) = (ii)
This a basis for Es(A) is

(12) and so x= 3 has

geometric
multiplicity

dim(Eg(A))=
# vectors

in basis



Let's now find a basis

for the eigenspace
[
-,
(A)

for X = -1 .

We need to solve A = -*.

Need to solve

(8-i)(5) =-(5)
1 -

3) = (=)

(( = (8)
This becomes



It
(8) 18818)
-+ Re (818)

So we get

⑳ leading a
t

Solution :

b = 1#a = 0



So
,
if solves A = - * then

* = (5) = (i) = t()

So a basis for
[
_
(A)

is (9) and so x = -

has geometric mult .
dim(E- (A)) =L

-maryfor A = 10-i)
geometric

↓=>IL



2
Ex: Let A

= I %
- 2

I
I 03

Let's find the eigenvalves

of A
.

We need to solve

det (A-XFox

↓



We have

det (A-X[z)
o - 2

& 2 , ) - x ()= det ((io
- -

A Is

-



= - 0 + (2 -x))is) - O
-

= in-xi
= (2 - x)[( x((3 - x) - (1)(2)]
= (2 - x)(X - 3x + 2)
= (2 - x)(x - 1)(x

- 2)

=
- (d - 2)(x

- 1)(x - 2)

= - (x - 2(2(x
- 1) X= 2 has

aly,
mult. 2

The eigenvalves are X = 2 , 1 .
x= 1 has

also

mult . I .



Let's find the eigenvectors

of A.

Let's start with
x = 1.

Let's find
a basis for

E
,
(A) = E)A*

= 1 .]

The equation
A = 1. becomes

S i)()
= 1 . ()
**=

This becomes

I
0a + ob -2

I = (a)a + 2b + C

a + ob + 3C



This gives (at = ()
This gives (=

- A -2 = 0So ,[a + b + C = j

a + 2 = 0

Solving we get

↳" I



We get
A

b[2 leading : a , b[Cfree : C0 = 0 ③

Solving

c = t

② b = c
= t[① a =
- 2c =

- 2t

This
,

if = (5) is in E ,
(A)

then = (5) =( =+(i)
So
, (i) is a basis for E , (A)

Thus
,
dim (E , (A)) = 1



Let's now find a basis for

[z(A) = 5)AY =2)

Want to solve A * = 2.

So need to solve

↓



S( =2))

FinI
This gives

- za
- 2c = 0

a + c = 0[a + c = 0

Let's solve :



(
- 2 O

i(I O

I O

2R ,
+ RztRz

- (d)
This gives :

leading ; a

⑭ free

Solution :

b = t

c = U[a = - c = - U
Thus

,
if solves A =2 then



= = (a) = (m)
= (a) + (i)
= u(-) + z( %)

So all solutions of A =2 are

linear combinations of (i) and ()

Thus
,
(i) , ( %) span the

eigenspace Ez(A).

You can verify that (i) . (
%

)

are linearly independent.



Thos , (i) , (i) is a basis for

Ec(Al . So
,
X = 2 has

geometric multiplicity

dim(Ez(A)) = 2 .

Summary table for A :

=


